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Rational Preferences

An individual’s preferences are rational when they satisfy two additional
constraints:

1. transitivity
2. completeness
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Transitivity

There are two ways that a decision maker’s strict preference P on X may fail
transitivity:

✗ There is a cycle in the decision maker’s preferences: There are x, y, z ∈ X
such that x P y, y P z, and z P x.

⇒ Money-pump argument, rankings, . . .

1. The decision maker lacks a strict preference: There are x, y, z ∈ X such
that x P y and y P z, but x N z (i.e., x and z are incomparable).
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Completeness

Completeness: For all x, y ∈ X, exactly one the following is true:
▶ x P y (x is strictly preferred to y),
▶ y P x (y is strictly preferred to x), or
▶ x I y (x and y are indifferent).

I.e., for all x, y ∈ X, not-x N y.
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Completeness

To have complete and transitive preferences over such complex alternatives
requires more knowledge than anyone is likely to have.
ads (Hausman, p. 19)

The completeness axiom...is quite strong. Consider, for instance, a choice
between money and human welfare. Many authors have argued that it
simply makes no sense to compare money with welfare.
ads (Peterson, p. 169)

[O]f all the axioms of utility theory, the completeness axiom is perhaps the
most questionable. Like others, it is inaccurate as a description of real life; but
unlike them we find it hard to accept even from the normative viewpoint.
ads (Aumann, 1962)
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Transitivity
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Rational Preferences

A pair (P, I) is a rational preference on X provided that P ⊆ X × X and
I ⊆ X × X, such that

▶ P is asymmetric and transitive. That is, P is a strict weak order.
▶ I is reflexive, symmetric, and transitive. That is, P is an equivalence

relation.
▶ Completeness: For all x, y ∈ X, exactly one of x P y, y P x or x I y is true.

Note: We only need to define a strict preference relation P since I can be
inferred assuming Completeness (e.g., if not-x P y and not-y P x, then the
decision maker must be indifferent between x and y).
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Rational Choice

Suppose that X is set and A ⊆ X, and that (P, I) is a rational preference on X
representing a decision maker’s preferences.

x is a maximal element of A with respect to P when there is no element of A
that is strictly preferred to x (i.e., there is no y ∈ A such that y P x).

x ∈ A is a rational choice for the decision maker if x is a maximal element of
A with respect to P.
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▶ Utility functions
▶ Ordinal utility functions
▶ Cardinal utility functions

▶ Lotteries
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Utility Function

A utility function on a set X is a function u : X → R

A rational preference (P, I) on X, is represented by a utility function
u : X → R if, and only if,

1. for all x, y ∈ X, x P y when u(x) > u(y)
2. for all x, y ∈ X, x I y when u(x) = u(y)
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Ordinal Utility Theory

Fact. Suppose that X is finite and (P, I) is a rational preference on X. Then,
there is a utility function u : X → R that represents (P, I).

Utility is defined in terms of the decision maker’s preference, so it is an error
to say that the decision maker prefers x to y because she assigns a higher
utility to x than to y.
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Important

All three of the utility functions represent the preference x P y P z

x y z
u1 3 2 1
u2 10 5 0
u3 1000 999 1

x P y P z is represented by both u1 and u3, so one cannot say that y is “closer”
to x than to z:
▶ u1(x)− u1(y) = 1 = u1(y)− u1(z)
▶ u3(x)− u3(y) = 1 < 998 = u3(y)− u3(z)
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This may seem bizarre, because people are accustomed to attaching
significance to the magnitudes of numbers, not just what they indi-
cate about ordering.

But the sole purpose of the numbers here is to
show the ranking. Any such assignment of numbers is an ordinal util-
ity function. “Utility” here does not refer to usefulness or pleasure. A
utility function is only a way of representing a preference ranking—
that is, a ranking of alternatives with respect to everything relevant
to choice. (Hausman, McPherson, and Satz, p. 58)
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