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Arrow’s Axioms
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Universal Domain

Voter’s are free to choose any ranking, and the voters’ choices are
independent.

The domain of f is the set of all profiles. All of the examples of social
welfare functions we will study satisfy universal domain.

“If we do not wish to require any prior knowledge of the tastes of individuals
before specifying our social welfare function, that function will have to be
defined for every logically possible set of individual orderings.”

(Arrow, p. 24)
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Rationality

The social ranking is a rational preference on the set of candidates.

For all profile P in the domain of f , the ordering f (P) is a complete and
transitive ordering over the set of candidates.

Example: Plurality and Borda always produces a complete and transitive
ranking of the candidates, but the Majority ordering may output rankings
that are not transitive.
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Pareto/Unanimity

If each voter ranks a strictly above b, then so does the social ranking.

For all profiles P in the domain of f : If a Pi b for each i ∈ V then
a is strictly preferred to b according to f (P)

For example, Plurality violates Pareto, but Borda and the Majority Ordering
both satisfy Pareto.

5 / 20



Pareto/Unanimity

If each voter ranks a strictly above b, then so does the social ranking.

For all profiles P in the domain of f : If a Pi b for each i ∈ V then
a is strictly preferred to b according to f (P)

For example, Plurality violates Pareto, but Borda and the Majority Ordering
both satisfy Pareto.

5 / 20



Pareto/Unanimity

If each voter ranks a strictly above b, then so does the social ranking.

For all profiles P in the domain of f : If a Pi b for each i ∈ V then
a is strictly preferred to b according to f (P)

For example, Plurality violates Pareto, but Borda and the Majority Ordering
both satisfy Pareto.

5 / 20



Independence of Irrelevant Alternatives

The social ranking (higher, lower, or indifferent) of two alternatives
a and b depends only the relative rankings of a and b for each voter.

For all profiles P and P′:

If Pi{a,b} = P′
i{a,b} for all i ∈ V, then f (P){a,b} = f (P′){a,b}.

where P{x,y} is the ranking on x and y defined as follows:

P{x,y} = P ∩ {x, y} × {x, y}
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Dictatorship

A voter d ∈ V is a dictator for f if society strictly prefers a over b
according to f whenever d strictly prefers a over b.

There is a d ∈ V such that for each profile P, if a Pd b then
a is strictly preferred to b according to f (P)

Non-Dictatorship: There is no voter that is a dictator for f .
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Summary

▶ Every social welfare functions that we have discussed satisfies universal
domain and non-dictatorship.

▶ Most social welfare functions satisfies Pareto (except ranking by Plurality
scores).

▶ Some social welfare functions satisfy Rationality: e.g., ranking by
Plurality scores and ranking by Borda scores

▶ Some social welfare functions satisfy IIA: e.g., Majority ordering,

Are there any social welfare functions that satisfy all of Arrow’s axioms?
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Arrow’s Theorem

Theorem (Arrow, 1951). Suppose that there are at least three candidates and
finitely many voters. Any social welfare function that satisfies Universal
Domain, Rationality, Pareto, Independence of Irrelevant Alternatives (IIA) is
a Dictatorship.

▶ Alternative statement of the theorem: Suppose that there are at least
three candidates and finitely many voters. There is no social welfare
function that satisfies Universal Domain, Rationality, Pareto,
Independence of Irrelevant Alternatives (IIA), and Non-Dictatorship.
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Evaluative Voting

In Arrow’s theorem, it is assumed that the input is the voters’ rankings of the
candidates.

One response to Arrow’s theorem is to ask for more information from the
voters about their opinions of the candidates.
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https://electionscience.org
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Approval Voting: Each voter selects a subset of candidates. The candidate
with the most “approvals” wins the election.

S. Brams and P. Fishburn. Approval Voting. Birkhauser, 1983.

J.-F. Laslier and M. R. Sanver (eds.). Handbook of Approval Voting. Studies in Social Choice and
Welfare, 2010.
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Under Approval Voting (AV), voters are asked to select the candidates that
the voter approves.

Under ranking voting procedures (such as Borda Count), voters are asked to
(linearly) rank the candidates.

The two pieces of information are related, but not derivable from each other

Approving of a candidate is not (necessarily) the same as simply ranking the
candidate first.
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Why Approval Voting?

S. Brams and P. Fishburn (2010). Going from Theory to Practice: The Mixed Success of Approval
Voting. Handbook of Approval Voting, pp. 19-37.
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Generalizing Approval Voting

In many group decision situations, people use measures or grades from a
common language of evaluation to evaluate candidates or alternatives:

▶ in figure skating, diving and gymnastics competitions;
▶ in piano, flute and orchestra competitions;
▶ in classifying wines at wine competitions;
▶ in ranking university students;
▶ in classifying hotels and restaurants, e.g., the Michelin ∗
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Score Voting/Range Voting
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Score Voting/Range Voting

Fixe a common grading language consisting of, for example, the integers
{0, 1, 2, . . . , 10}

The candidate with the largest average grade is declared the winner.

Suppose a’s grades are {7, 7, 8, 8, 9, 9, 9, 10}. The average grade is 8.375

Suppose b’s grades are {9, 9, 9, 9, 9, 10, 10, 10} . The average grade is 9.375

So, Score Vote (Range Vote) ranks b above candidate a.
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Majority Judgment

Majority Judgment is like Score Voting but picks the candidate with the
greater median score instead of the greatest average score.

1. Each voter assigns each candidate a score from the set {0, . . . ,n};

2. The candidate with the greatest median score wins according to Majority
Judgement.

Note: if there is an even number of voters, Majority Judgement uses the
“lower median.” E.g., if the scores for A are 7, 7, 8, 8, 11, 11, 11, 13, the lower
median is 8.
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Evaluative Voting

Approval Voting: voters can assign a single grade “approve” to the
candidates. The candidates with the most approvals are the winner.

Score Voting: voters can assign any grade from a fixed set of grades to the
candidates. The candidate with the greatest sum of the grades is the winner.

Majority Judgement: voters can assign any grade from a fixed set of grades to
the candidates. The candidate with the greatest median grade is the winner.
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