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Voting Methods

Positional Scoring Rules: Plurality, Borda, . . .

Iterative Voting Methods: Iteratively remove “poorly performing
candidates” until there is a candidate with a majority of first-place votes.
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Instant Runoff (aka Ranked Choice)

Iteratively remove all candidates with the fewest number of voters who rank
them first, until there is a candidate with a majority of first-place votes.

If, at some stage of the removal process, all remaining candidates have the
same number of voters who rank them first (so all candidates would be
removed), then all remaining candidates are selected as winners.
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fairvote.org
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Coombs

Iteratively remove all candidates with the most number of voters who rank
them last, until there is a candidate with a majority of first-place votes.

If, at some stage of the removal process, all remaining candidates have the
same number of voters who rank them last (so all candidates would be
removed), then all remaining candidates are selected as winners.
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7 5 4 3

a b d c

b c b d

c d c a

d a a b

Instant Runoff winners d
Coombs winners b
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Iterative Voting Methods

Instant Runoff Voting (Ranked Choice): Iteratively remove all candidates
with the fewest number of voters who rank them first, until there is a
candidate with a majority of first-place votes.

Coombs: Iteratively remove all candidates with the most number of voters
who rank them last, until there is a candidate with a majority of first-place
votes.
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Where is IRV being used?
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2022 Alaska Special General Election

Three main candidates: Begich (R), Palin (R), and Peltola (D).

The Instant Runoff Voting (IRV), also called Ranked Choice, winner is Peltola.

▶ The write-ins are initially removed
▶ Begich is removed in the first round
▶ Palin loses to Peltola
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2022 Alaska Special General Election
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2022 Alaska Special General Election

Problem 1: When comparing the winner Peltola with Begich, more
voters rank Begich above Peltola than the other way around.
So, in a head-to-head race, Begich is beats Peltola.

Problem 2: In fact, Begich beats every other candidate in a
head-to-head race!
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Majority Preference, Margin, Condorcet Winners
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40 35 25
t r k
k k r
r t t

Why should candidate k win?
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Margin
Suppose that P is an election (a record of the ballots submitted by the voters)
and a and b are two candidates in P.

The margin of a over b in P, denoted MarginP(a, b), is the number of voters
that rank a above b in P minus the number of voters that rank b above a in P.

40 35 25
t r k
k k r
r t t

MarginP(t, k) = 40 − 60 = −20
MarginP(k, t) = 60 − 40 = 20
MarginP(k, r) = 30
MarginP(r, k) = −30
MarginP(t, r) = −20
MarginP(r, t) = 20
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Majority Graph
Suppose that P is an election (a record of the ballots submitted by the voters)
and a and b are two candidates in P.

We say that a is majority preferred to b in P when more voters rank a above b
than rank b above a.

Alternatively, a is majority preferred to b when MarginP(a, b) > 0.

40 35 25
t r k
k k r
r t t

MarginP(t, k) = −20
MarginP(k, t) = 20
MarginP(k, r) = 30
MarginP(r, k) = −30
MarginP(t, r) = −20
MarginP(r, t) = 20

▶ k is majority preferred to t
▶ k is majority preferred to r
▶ r is majority preferred to t
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Majority Graph
Suppose that P is an election (a record of the ballots submitted by the voters)
and a and b are two candidates in P.

A majority graph is a diagram displaying all the candidates in the election
with an arrow from candidate a to candidate b when a is majority preferred to
b (i.e., MarginP(a, b) > 0).
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Margin Graph
Suppose that P is an election (a record of the ballots submitted by the voters)
and a and b are two candidates in P.

A margin graph is the majority graph in which all the arrows are labeled with
the margins. That is, it is a diagram displaying all the candidates in the
election with an arrow from candidate a to candidate b when a is majority
preferred to b, and the arrow has the label MarginP(a, b).

40 35 25
t r k
k k r
r t t

MarginP(t, k) = −20
MarginP(k, t) = 20
MarginP(k, r) = 30
MarginP(r, k) = −30
MarginP(t, r) = −20
MarginP(r, t) = 20

t k

r

20

3020
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2022 Alaska Special General Election

Write-in

Begich

PalinPeltola

120748
94555100543

376108423

5240

Problem 1: A majority of voters
strictly prefer Begich to Peltola.

Problem 2: In fact, Begich is
majority preferred to every other
candidate, but is not elected.
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Condorcet Winner

3 5 7 6

a a b c

b c d b

c b c d

d d a a

a b

cd

c >M b >M a >M d
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Condorcet Winner

The Condorcet winner in a profile P is a candidate x such that for all other
candidates y, MarginP(x, y) > 0.

A voting method is Condorcet consistent, if for all P, if x is a Condorcet
winner in P, then x is the unique winner according to the voting method.
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Condorcet Loser

The Condorcet loser in a profile P is a candidate x such that for all other
candidates y, MarginP(y, x) > 0.

Some voting methods (e.g., Plurality) may elect a Condorcet loser; while other
voting methods (e.g., Borda) are guaranteed to never elect a Condorcet loser.
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Borda, Plurality, Plurality with Runoff, Instant Runoff Voting, Coombs are not
Condorcet consistent.

Can we find a voting method that is Condorcet consistent?

What about the method Fcond(P) = {a} where a is the Condorcet winner in P?
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The Problem
Voter 1 Voter 2 Voter 3

a c b

b a c

c b a

Does the group prefer a over b? Yes
Does the group prefer b over c? Yes
Does the group prefer a over c? No
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Majority Cycle Example

1 1 1

a c b

b a c

c b a

a b

c

1

11
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Majority Cycle Example

100 100 100

a c b

b a c

c b a

a b

c

100

100100
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Majority Cycle Example

2 2 1

a c b

b a c

c b a

a b

c

3

11
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Not a Majority Cycle

1 5 3

a c b

b a c

c b a

a b

c

3

17
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